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Abstract
Statistical dynamics of financial systems is investigated, based on a model of a
randomly coupled equation system driven by a stochastic Langevin force. It is found that in
the stable regime the noise power spectrum of the system is 1/f-like: 23-µ w  (w  is the
frequency), that the autocorrelation function of the increments of the variables (returns of
prices), is negative: 23--µ t  (t  is the delay) and that the stochastic drift of the variables
(prices, exchange rates) is subdiffusive: 21tµ  (t is the time). These dependences corresponds
to those calculated from historical $/EURO exchange rates. The model can be generalized to
arbitrary stable, noise driven systems of randomly coupled components.
It is universally recognized that the temporal autocorrelations of returns of prices
>-×=< )()()( tddt txtxC  in finance markets are nonzero for short times t , less than
approximately half an hour [1,2]. )(txd  is the return of the price )(tx , defined as
)())()(()( txtxTtxtx -+=d . The precise form of the autocorrelation function is however not
known. Also no theoretical model is suggested explaining nonzero autoc rr lations of
financial time series.
The aim of this letter is to derive the autocorrelation function from a model of a
randomly coupled equation system driven by a stochastic Langevin force, and to calculate the
particular form of the autocorrelation function. Our derivations show, that the short time
autocorrelations are negative and obey a power law gtt -µ)(C  with the exponent 5.1»g .
This result is checked by statistic analysis of the high frequency historical $/EURO exchange
rates.
Negative autocorrelations can be related with a subdiffusive stochastic drift of the
corresponding variable )(tx . Under "subdiffusion" is understood that the variance of
stochastically drifting variable increases as btxtx >µ-< 2))0()((  with increasing time t, with
1<b . For comparison, the variance of a position of Brownian particle increases linearly with
time 1=b , following the well known Wiener diffusion law.
The negative autocorrelations can be also related with a 1/f - like form of the power
spectra: aww -µ)(S  with 2<a .
Recent investigations have shown that stochastic drift of invariant variables (e.g. of the
phase of the order parameter, of the position of a localized structure or of a vortex) in stable,
spatially extended, and noise driven nonlinear systems is in general subdiffusive, and that the
power spectra are 1/f - like, with the exponent a  explicitly dependent on the dimensionality
of the space [3]. Significant is that the spatially extended systems have infinitely many
degrees of freedom, summation over which (or integration in the continuum limit) produces
the above listed peculiarities of the stochastic distributions (subdiffusion, 1/f-like spectra, and
anticorelations), absent in systems with small numbers of degrees of freedom. Motivated by
the results from [3] a similar analysis is performed here for stable financial markets where the
number of traders is large. In the limit of infinitely large number of traders one can consider
the system as a continuum, and the dynamics of such system may resemble that of continuous
spatially extended systems.
In the analysis in [3]:
1) one starts with a nonlinear evolution equation:
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for the temporal evolution of the state vector (order parameter) of the system:. )(AN  is a
deterministic, nonlinear operator acting on the state vector of the system, and )(tG  is the
vector of d - correlated noise terms ( )Tnj ttttt )(),...,(),...,(),()( 21 GGGG=G , of strength T:
)(2)()( 2121 ttTtt jkkj -×>=G×G< dd .
2) one linearizes around the stationary solution 0A  of the equation (1) without the noise
term: )()( tt aAA 0 += , and obtains the linear equation system:
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3) one diagonalizes (2) rewriting it in a new basis )()( tt ba ®  corresponding to the
eigenvectors of the matrix L :
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where L  is a diagonal matrix consisting of the eigenvalues of the matrix L , and )(' tG  is the
noise vector in the new coordinates.
4) one calculates the power spectra of the normal modes )(tb as riven by noise. After
Fourier transform ò=® dttitt )exp()()()( ww bbb  one obtains the expressions for spectra of
each perturbation mode: )()(')( jjj ib lwww +G= .
5) one makes a summation (or integration in the limit of a continuum) of the spectra of
normal modes to obtain the total power spectrum of the system:
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In the case of a continuum the density of distribution of eigenvalues )(lr  over the
complex plane l  is significant.
We use a similar procedure for the analysis of stable financial markets, or at least of
stable periods of generally unstable markets. We assume that a large number of traders are
nonlinearly coupled one with another, which can be described generally by operator ),( tAN ,
which, in general can be onstationary (explicitly dependent on time t). The operator ),( tAN
includes all the trading strategies of traders. It is also assumed that the financial market is
subjected to random d - correlated perturbations, corresponding to political events and similar,
described by external noise of particular strength T. Then t e system under investigation can
be formally described by (1).
If one knows the nonlinear operator ),( tAN , and when the system is stationary and
stable, the power spectra can be calculated following the above guidelines (1-4). The
difficulty is that in principle one cannot know the particular form of the nonlinear operator for
the general case of financial systems. Therefore we will not guess the form of nonlinear
operator )(AN  in (1), but, using assumptions as detailed below, we will guess the form of
linear matrix L in (2). Indeed, if the system (1) in absence of random force has a stationary
solution, then the linearization of the corresponding nonlinear operator )(AN  is in principle
possible in the vicinity of the this solution: )()( tt aAA 0 += , where
( )Tnj tatatatat )(),...,(),...,(),()( 21=a  stands for the perturbation of the state vector of the
system (n, the number of the traders is large). Then (2) is also possible. Since the trading
strategies of different traders may be very different, then it is plausible to assume that the
coupling matrix L  is a random matrix. The stability assumption imposes a condition that the
coupling matrix L  must be negative definite.
Therefore the very general assumptions, that: 1) the system is stationary; 2) the system
is stable; 3) the traders have many different strategies; 4) the system is subjected to external
random perturbations, lead to the model (2). Differently from the "deterministic" case (e.g.
complex Ginzburg-Landau equation with noise as investigated in [3]), where the linear
coupling matrix L  is systematically derived from the known nonlinear model, for financial
markets the matrix L  should be "guessed" or introduced phenomenologically, due to the lack
of the knowledge on the underlying processes. The most natural guess is that the matrix L  is
a random negative definite matrix.
The random matrix L  is then to be diagonalized, which generates Lyapunov exponents
distributed over the complex l -plane. The power spectra of the corresponding normal modes
are to be calculated as driven by external noise. The summation over the spectra of the modes
(or the integration in the continuum limit, taking into account the density of distributions of
eigenvalues) leads eventually to the power spectrum of a particular variable of the system.
The most natural choice of the random, negative definite matrix is TMML ×-= , where
M  is square matrix of real random numbers, and TM  is its transposed matrix. In this case L
is a Hermitian, symmetric, negatively definite matrix, thus all its eigenvalues are real and
negative. This choice leads to analytic results, however, restricts the class of systems to the
Hermitian ones. The main results of this letter concerns the Hermitian systems, however also
the nonhermitian systems are discussed, and it is shown, that the statistical properties of the
system are not modified significantly in nonhermitian cases.
We note that the generalized Lotka - Volterra models, describing the power law
statistics of the distribution of the returns [4], lead to Hermitian systems and to Hermitian
linear coupling matrices respectively. The general form of Lotka – Volterra models:
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accounts for the growth )(tAr ii , and for the global coupling of the individual components
)(tAi . A global coupling occurs due to competition of the components for the limited
common resources )),(()( ttAftAi- , and due to subsiding-like phenomena )),(( ttAg , and
depends on the (arbitrary weighted) average )(tA  of the individual components )(tAi . The
linearisation of (5) with random individual growth rates, and with the global coupling
schemes used in [4], leads to Hermitian, negatively definite, random matrices.
Power spectra
The density of the eigenvalues of the Hermitian random matrix L  as defined above is:
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and does not depend on the statistical distributions of the elements of matrix M . n2s  is the
variance of the elements of matrix M  of size )( nn´ .
The response of each perturbation mode to external noise, as follows from (2) is:
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The power spectrum of each perturbation mode (assuming delta correlated noise of
strength T: kjkj T ,
* )()( dww =G×G ) is:
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The power spectrum of the system is the sum of power spectra of each normal mode (8),
å=
j
jSS )()( ww , which in the limit of infinitely large number of traders can be replaced by
the integral of power spectrum (8) over eigenvalues, accounting for the density function (6):
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which in the limit of small frequencies 24w <<  simplifies to:
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which means a af1  power spectrum with the exponent 2/3=a .
A numerical check of the spectra (9,10) was performed. Matrices M  of normally
distributed real random numbers of size )10001000( ´  and with 1=s  were generated
numerically. The density of the eigenvalues of the corresponding Hermitian matrix (Fig.1.a)
follows the power law 
2/1
)(
-µ llr  up to cut-off value 24sl µ-offcut , and drops rapidly to
zero beyond this value. The corresponding spectra in log-log scale, as calculated by
summation of response functions (8) over the normal modes is shown in Fig.1.b. The region
characterized by a 3/2 slope, as extending to maxw  approximately of order of unity is clearly
visible in accordance with analytic results. For large frequencies 1>w  (in general for
24sw > ), the slope is 2, which corresponds to the times less than the reaction time of the
market, determined by the cut-off value of the distribution of eigenvalues (6)
The numerical check was also performed for the matrices of nongau sian distributed
real random numbers (uniform and exponential distribution were used), which did lead to any
sensible differences with the plots in Fig.1, and which suggests that the spectrum following
from our above model is also valid for the components coupled randomly in a no gaussia
way.
Fig.1. a) Distribution of the eigenvalues of numerically generated Hermitian negatively
definite random matrices of size (10001000´ ) in log-log scale, as averaged over 10
realisations; b) the normalized power spectrum (multiplied by 2w ), corresponding to power
spectrum of the increments of variables; c) utocorrelation function of the increments of
variables.
Stochastic drift
The integral of the af1  power spectrum diverges in the limit of small frequency for
1³a , which means that the variance of the increment of the variable grows to infinity for
large times. The drift of the variable 22 ))0()(()( xtxtx -=D  can be calculated from the
power spectra: ò
¥
µD
min
)()( 2
w
ww dStx , where tpw 2min »  is the lower cut-off boundary of
the power spectrum (as follows from the Parseval theorem). Thus the drift of the variable
obeys 12)( -µD attx  for the power spectra aw1  as the direct integration yields. This
generalizes the w ll known Wiener law for stochastic drift, stating that the variance grows
linearly with time. From the results above it follows that the stochastic drift in financial time
series should be weaker than Brownian. In particular the drift in the model described by a
Hermitian random coupling matrix, (2/3= ) is 2/12)( ttx µD . The corresponding Hurst
exponent [5] is then respectively 2)1( -= aH , and from our model of the Hermitian random
coupling matrix 41=H .
We note that the calculated stochastic drift is valid for normal distributed external noise.
If the external noise obeys stable Levy distribution (with the asymptotics 
m
dd
--µ 1)( xxL  for
large xd , with 20 << m ), then the Hurst exponent is respectively 112 -+= maH , as
obtained by applying Parseval theorem for correlated Levy process (derivation details will be
given elsewhere). In this case the competition between su diffusion (due to anticorrelated
signs of subsequent steps), and superdiffusion (due to leptokurtic Levy distributions of
individual step sizes) occur. In particular for 34=m  the subdiffusion and superdiffusion
mutually compensate and result in normal diffusion with 21=H .
Autocorrelation functions
The autocorrelation function of the increments can be calculated from the power spectra
applying the Wiener-Kinchine theorem: ò -= wwtwt diSK )exp()(')( . Here )(' wS  stands for
the power spectrum of the increments related with the power spectrum of the original variable
by )()(' 2 www SS = . Using (4) for power spectrum one obtains:
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which accounting for the density of e genvalues described by (6) results in:
ttststdt )2exp()2()()( 221 -×-= ITTK  (12)
where 1I  is modified (hyperbolic) Bessel function of the first kind. The asymptotic of the
autocorrelation function are: 22 2)2exp()()( ststdt --= TTK  for 22st £ , when the cut-
off of the distribution (6) play a role, and 2/12
2/3
)2()()( -
--= sttdt TTK  for 22st ³ ,
when the density of the eig nvalues follows asymptotically the power law 2/1)( -µ llr .
The autocorrelation function as obtained numerically is shown in Fig.1.c. It follows
precisely the power law down to delays 4»t  in accordance with the analytical prediction
(12).
Nonhermitian case
It may be anticipated that in the general case of stable financial systems (and in the
general case of stable complex systems) the coupling matrix being negatively definite, is not
necessary Hermitian. The nonhermiticity can appear in the frames of modified Lotka-Volterra
models (5) if in addition to global coupling, the nonglobal coupling is introduced in (5),
and/or if the global coupling in (5) acts with a temporal delay. In nonhermitian case the
eigenvalues of matrix L  are complex conjugated and distributed on the left (negative) half-
plane of l . The power spectrum is then calculated by:
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We could not find a universal procedure of generating ph nomenologically a
nonhermitian negatively definite matrix, thus we could not determine uniquely the
corresponding universal distribution of the eigenvalues on the complex plane l . W tried
different choices for the nonhermitian negatively definite matrix: by generating it as
)( 2211
TT c MMMML -+×-= , where 21,MM  are square matrices of normally-distributed
real numbers, and c is nonhermiticity parameter. We also applied the natural selection criteria,
i.e. selected the matrices with all negative eigenvalues from the randomly generated ensemble
of square matrices of normally-distributed real numbers. In both cases the distributions of the
eigenvalues are compatible with the asymptotical form 
c
ll
-µ)(  on the left (negative) l -
half-plane. The exponent c  varies from ½ (in Hermitian case) till 1 depending on the model.
The distribution of the eigenvalues 
cllr
-=)(  yields the power spectrum of cww --µ 1)(S
for 1<c , as direct integration shows. The stochastic drift obeys cttx µD 2)( , and the
autocorrelation function of the increments obeys: )2()()(
2
cttdt
c -G-µ +-K . In this way
the main statistical properties of Hermitian case (1/f-like spectra, anticorrelations, and
subdiffusion) hold in nonhermitian case too.
Comparison with historical $/EURO exchange data
The autocorrelation function and the dependence of stochastic drift, as following from
the above model, were compared with those calculated for the historical high frequency
$/EURO exchange rates [6]. The open circles in Fig.2.a show the utocorrelations of 2 min.
returns. Although the anticorrelations for the delays of up to 30 minutes are visible, the
correspondence with the power law autocorrelation as following from our theoretical model is
not precise. One can nonetheless conclude on domination of anticorrelations (antipersistence)
of price movements.
Fig.2. a) Autocorrelation òò ××-×= dttxdttxtxK 2)()()()( dtddt  of the T=2 minute
returns )())()(()( txtxTtxtx -+=d  of the historical $/EURO exchange rates of the 2001
year (open circles), and of the signs of increments: ))()(()( txTtxsigntx -+=d  (solid circles)
as a function of delay t  in minutes. The dashed lines indicate the confidence range in s1
level.
b) Absolute values of autocorrelations of the signs of returns a function of delay t in
log-log representation. Solid circles depict n gative, and open circles – positive
autocorrelations.
This lack of quantitative correspondence, to our opinion, is due to the fact that the
dynamics of financial markets is in general nongaussian process. Therefore, in order to avoid
a possible influence of the nongaussian statistics of the price variations we calculated
autocorrelations of the signs of price increments )()()( txxts dd= . The results are given by
the solid circles in Fig.2.a, which indicate that the anticorr lations of the signs of the price
increments are more pronounced than the anticorr lations of the returns.
In Fig.2.b. the autocorrelations of the signs of the price increments are shown in log-log
scale, where the solid (open) circles show the negative (positive) correlat ons. Although the
data points are strongly scattered, the 
g
tt
--µ)(K  dependence of the autocorrelation is
plausible, with 5.1»g  for the time delays between 4 and 30 min.
The stochastic drift of $/EURO exchange rates was also calculated. The drift of the
exchange rates was found only weakly subdiffusive: the local Hurst exponent was found
slightly less than ½ in the time interval between 6 and 40 min. (open circles in Fig.3). and
reached the minimum value 44.0min »H . However the analysis of volatility normalized data,
where the increments of the prices were substituted by the signs of the increments, show
strong subdiffusive behaviour. The Hurst exponent is less than ½ up to times until 1 day,
reaching the minimum value 3.0min »H  in the time interval between 6 min. and 2 hours.
Fig.3. Open circles: stochastic drift of $/EURO exchange rate in log-log representation
(the data as in Fig.2). Closed circles: stochastic drift of normalized to volatility exchange
rates (the increments in the data are substituted by the signs of the increments). The dashed
lines indicate the slopes –0.12 and –0.4 for the normalized stochastic drift, which correspond
to drift exponents 88.0=b  and 6.0=b , and to Hurst exponents 44.0=H  and 3.0=H
Conclusions
The stochastic properties of the financial time series were calculated using a general
model, assuming that: 1) large number of traders have ifferent strategies; 2) external noise is
present; 3) system is stationary, and 4) the system is stable. These qualitative assumptions
lead to qualitative results, namely: to 1/f-like power spectra (23-µ w ), to anticorrelated
(antipersistent) dynamics of the increments (23--µ t ), and to subdiffusive stochastic drift of
price ( 21tµ ). The latter result is valid for normal distributed external noise, and is to be
modified for the leptokurtic external noise.
The results following from the model correspond qualitatively with the results obtained
from historical data [1,6], where the negative autocorrelations in particular interval of time
delays are observed. The correspondence is better with the results obtained from the volatility
normalized historical data: the exponents of autocorrelation function and of diffusion
dependence match with those following from the model.
The main result (anticorrelations) following from our model can be compared with the
real financial markets for sufficiently small time delays. E.g. the autocorrelations for the time
delay of 1 hour, as following from our calculations (
2/3
)(
--µ ttK  dependence extrapolated
to 1 hour, Fig.2.b.) should be of the order of 7*10-4. The length of historical data to check the
autocorrelation of such magnitude with the certainty of s1  level is approximately 12 years.
Taking into account that the autocorrelations steadily decrease due to the globalisation of
finance markets [1] the use of data from extremely long time intervals has no sense, thus the
check of autocorrelations following from our model is difficult for delays larger than 30 min.
In the other limit of very small delays some inertia in finance markets may be present
due to nonzero duration of trading operations (nowadays on the scale of 1 minute). Our model
assumes the cutt-off of the density of the Lyapunov exponents, which rules out very fast
dynamics, and which correspond to above discussed inertia of finance markets. In this limit
(for the times delays 22st £  as follows from our model, and for delays less than
approximately 4 min, as follows from historical data) the autocorrelation does not follow the
power law, however remain negative. The autocorrelations of the signs of the increments
calculated from historical data show the discrepance from the power law in accordance to our
model. The autocorrelations of the returns however display small positive autoc relations for
very small times (£  2 minute), which is however not explained by our model.
Our model is linear, and the stochastic Langevin forces are dditive, which results in the
Gaussian statistics of the returns, for the Gaussian distributed external noise. It is known that
the multiplicative stochastic forces lead to nongaussian (Levy-, and truncated Levy-)
distributions [3,7-9]. The corresponding modification of our model considering the
multiplicative noise, is in progress.
The results from the paper apply not only to the financial markets, but in general to
every noise driven system of randomly coupled components.
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